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Abstract. Let Q be an open, bounded domain in with connected and C°° 
boundary, and uj a solution of 

(0.1) - Aw = ^lu] 

(0.2) —Ian = 

an 

(0.3) t^len = const 

for some fi > 0. Denoting = fii (f2) < fj,2 (f^) < . ■ . the set of all Neumann 
eigenvalues for the Laplacian on Q. We show that 1) if < fig{Q); or 2) if Q is 
strictly convex and centrally symmetric, fi < /ii3(0), then fl must be a disk. 



1. Introduction 

Schiffer's conjecture (cf.Yau [14]) is a long standing problem in spectral theory 
related to the Neumann eigenvalues of the Laplace operator. It is stated as follows: 

Let J7 C i?^ be a bounded domain. Does the existence of a nontrivial solution u 
of the over-determined Neumann eigenvalue problem 

(1.1) - Auj = fiuj, fi > 

(1.2) l^loo = 

(1.3) uj\dn = const ^0 

imply that is a ball? 

This problem is closely related to the Pompeiu problem in integral geometry. 
A domain fl C is said to have the Pompeiu property if and only if the only 
continuous function / on R^ for which J^^q-^ f{x, y)dxdy = for every rigid motion 
a of R^ is the function / = 0. The connection between the Schiffer's conjecture and 
the Pompeiu property of domain was established in ([6]), by showing that the 
failure of the Pompeiu property is equivalent to the existence of a nontrivial solution 
of (|l.im.3p . Another remarkable result concerning the regularity of boundary of 
was given in 1981 by Williams ([13]). He proved that if a bounded Lipschitz domain 
n C i?" has a connected boundary d^l, and if ft fails to have the Pompeiu property, 
then dft is real analytic. Also, Berenstein ([3]) proved that in R^ the disk can be 
characterized as the only simply-connected domain with C^''' boundary for which 
there exist infinitely many solutions that solve (|l.im.3l) . and in ([3]) it was shown 
that for the system (|l.Hll.3p if /i — fJ.2{fi), the first positive Neumann eigenvalue 
of the Laplacian, then is a ball. In ([8], [9]) Ebenfelt considered the case where 
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the boundary dQ can be characterized as the image of a rational map of unit disk, 
among others, and he showed that J7 then must be a disk. The reader is referred 
to the beautiful survey of Zalcman f|15)) for an extensive exposition on the current 
state of the Pompeiu problem. 

Our approach to Schiffer's conjecture is to estimate the dimension of the subspace 
of H^{^l) on which the bilinear form 

is semi-negative definite. The subspace will be provided by the functions induced 
by symmetry. Specifically, we note that if u is a smooth solution of —Av = fiv, 
then 1^ and Rw are also solutions of —Av — ^v, where R= ~y'§^ ^ ^Sij 
the infinitesimal generator of action of rotation. The subspace we are interested in 
is given by applying ^ , ^ , and R repetitively on the solution to of (jl.Hll.Sp and 
then considering the linear combination of these functions. 

This idea of using symmetry induced functions has been used successfully in 
comparing the relative magnitude of Dirichlet and Neumann eigenvalues of the 
Laplacian, see for example Aviles ([1]) or Levine and Weinberger ([H])- The novel 
part of our approach lies in an observation about the correspondence between the 
weak solution u € H^(fl) of —Au = fj,u and its boundary data (u|an, f^lan)- As 
explained in ([I]), if we denote the set of all weak solutions u G iJ^(f2) which satisfy 
as Kfi, then the well-known Green's formula, 

r r f Qu Qu 

(1.4) / / Av-u—Au-v dxdy = I ' ~ ' ^ '^■^i 

offers a connection between the set of weak solutions u of (|l.ll) in if^ and their 

boundary data (w|aa, ^|aa) in the phase space H H^{dVl) x H^'^{dVL). This 
also prompts the following trace map on K^^ via 

du 

r(?i) (wlan, — Ian), u£K^. 

The trace map T : K^^ — !■ T{K^) C H is an isomorphism, thus speaking roughly, 
the information of u inside f2 is being transferred without loss to the boundary 
data by T. It is then convenient to work within the space H consisting of boundary 
data, since two equations in (jl.Hll.3p are given in terms of boundary conditions. 

Combining the two observations above, we are interested in the following ques- 
tion: 

(*) If one applies ^,R repetitively on the solution ui of (|l.mi.3p and then 
applies the trace map T, what is the boundary behavior of these symmetry induced 
functions? 

What we find is that the first few terms obtained this way capture the "negative 
direction" on which the bilinear form 

Bi^,^;,)=J + dxdy, ^,i.eH^in) 
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is semi-negative definite. Actually we only use terms no higher than second order, 
i.e. those terms like T{iOxx), TCRlux) and lower order terms. Analysis of the bilinear 
form B restricted to these terms gives the following main results in this paper : 

Theorem 1.1. Let ft be an open, bounded domain in with connected and C°° 
boundary, and lo a solution of 

(1.5) — Aw = /io; 

(1.6) l^laa = 

(1.7) w|aa = const 

for some fi > 0. If ^ < pL^{Q), then U, must he a disk. 

If we restrict to convex domain f2, a result of Brown and Kahane (fS]) established 
the Pompeiu property of 51 if the minimum diameter of Vt is less than or equal to 
half the maximum diameter. Also Aviles ([1]) showed that if f2 is convex, then 
fjL < suffices to show that is a disk. Thus basically our first result differs 

from that of Aviles by dropping the convexity condition on 57. For the convex case, 
we have the following 

Theorem 1.2. Let Q be a strictly convex, centrally symmetric and bounded domain 
in with connected and C°° boundary, and uj a solution of 

(1.8) - Auj = /iw 

(1.9) ^\on = 

(1.10) uj\on = const ^0 
for some /i > 0. ///i < fii3{Q), then Q must be a disk. 



The organization of the paper is as follows: in section 1.1 we fix some notation 
and setting that will be used throughout the rest of the paper. In Section 2 we 
discuss properties of symmetry (translation and rotation) induced functions and 
their boundary behavior. And finally in section 3 we give proofs of two main 
results. 

1.1. Notation and Setting. This section is to fix some notations and setup that 
will be used throughout the rest of the paper. First, denoting = /ii(ri) < IJ.2{^) < 
. . . the set of all Neumann eigenvalues for the Laplacian on il, and < Ai(51) < 
A2(57) < . . . the set of all Dirichlet eigenvalues for the Laplacian on 57, with the 
associated Dirichlet eigenfunctions given by ui, U2, . . . . 
Since w is a solution for 



(1.11) -Auj = fiuj, 

(1.12) l^lon = 0, 

(1.13) wlan = const ^ 0, 

by rescaling {x,y) — >■ y/Ji{x,y) we may assume that = 1, and by multiplying an 
appropriate constant we may assume w|aa = 1 . 
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Also for the domain fl, we will use arclength variable s to parametrize dfl. 
Assuming that the total arclength of dfl is i > 0, the boundary dfl is given by the 
parametric equation 

(1.14) z{s) = x{s) +iy{s),s G R 

where z{s) is a C°° and periodic function of s of minimal period L. 

Since s is the arclength variable, ^ is a C°° function of s of unit length, thus 
we have 

(1.15) ^=e'^W,seii. 

as 

where 6 = d{s) is the angle of the tangent vector along dV, with respect to a;-axis, 
thus e{s) is a C°° function of s with 9{s + L) - e{s) =2w,se R. 
The curvature k{s) along dQ is given by 

, , do 

(1.16) «:(s) = --, 

as 

where the minus sign comes from the Frcnet's theorem. 

Notation 1. We shall adapt the notation V '="' ^ + ^J^; V — i-^ instead 

of the usual notation 2^ = £ + i^,2^ = £ - t^. 

Finally let ^(s) = {cos9{s),sm0{s)) be the unit tangent vector along dQ, and 
n(s) = (ni, n2)(s) be the unit outer normal vector along dfl, thus we have (ni, n2)(s) 
(sin^(s), — cos^(s)) along dCl. 

2. Symmetry induced boundary value functions 

We first have the following 

Proposition 2.1. Let u be a C°° function in Vl satisfying —Au = u. Let (j) = Vu, 
then we have the following commutative diagram: 
u — > 



, . . , where M = e'^^^'>- 



u\dn \ M / (plan 

du I I ' I 90 1 



ds * 



Proof. For any zq = z{so) & dil, we choose a new coordinate system (i, y) such 
that the i-axis is along the direction of ^(so) = (cos0(so),sin6'(so)), the y-axis is 
along the direction of — n(so) = (— sin0(so), cos0(so)). Then we have 

(2.1) e-'^(*°) • Vu{zo) = (cos0(so) - isin6'(so)) • {u^ + iUy){zo) = 

{2.2}cos6{so)ua;{zo) +smO{sQ)uy{zo)] - i[sm6{so)ux{zo) - cosO{sQ)uy{zQ)] 

d . .du, 

as on 

which leads to 



(2.3) — |s=S0^i9O i rj \Z=Z0J 



(2.4) Vu(^o) = e'^(«°) • [j-Js=soU\an - ^|^U=.o] 
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Secondly at s = so, we have 

on \ '^Xy Uyy J \ I J 

= (sine, - COS0) • { '""yy V f M + • 

= (sin0 -COS0) Y ''""^ -sin^?\/-W5g u^y \f cosd sinfl \ / 1 \ . 

^ ' ' y sinO cos 9 J y u^y — ujs J \ — sin6' cos6' J \ i J 

Note that 



(2.5) Mjx = C • V u • ^ = — - K— , 

as-^ an 

(2.6) u,y = -^-\7^u-n = -^-^-^ 

as as 

where we used the Frenet's theorem ^ = nn, ^ = —k£. 

as ' as ^ 

Combining (|2.5p . (|2.6p with the equation above we have that 



(2.7) ^e^e.[^( ) ] 

c/Ti ds^ ds as on 

Thus from equations (12. 4p . (|2.7I) we complete the proof of the proposition. □ 

Remark 2.2. It is interesting to note that while V is a first-order partial differ- 
ential operator, the corresponding matrix operator M is a second order ordinary 
differential operator that is purely "geometric", i.e., M depends solely on 9 ^ ^(s)- 



Corollary 2.3. For ^ — ™^ have the corresponding matrix M — e '^^^^ • 

so that the following diagram commutes: 



ds 

U > ip 

uldfl \ J3 ( MdO. 
du I I ^ I dip I 

for any C°° function u in Cl satisfying — Am = u and ijj — Vu. 

Instead of considering V — ^ + that corresponds to translational symmetry, 

one can also consider generators R — ~y-§^ + x-§^ and S = + y-^ that 
correspond to symmetry of rotation and scaling. Similar to Proposition 2.1 we 
have 

Corollary 2.4. For R + zS = (— y -I- ix) ■ V, we have the corresponding matrix 
N — (— ?/(s) + ix{s))M + f d ^ j (where x{s) +iy{s) is the parametrization of 



6 



JIAN DENG 



dfl with respect to arclength variable s ), so that the following diagram commutes: 



u 

Ti 
u\dn 

du I 

dn 



R+iS 



dip I 
dn wn 



for any C°° function u in satisfying —Au = u and ip — (R + iS)u. 

The approach we take is to apply V, V, R repeatedly on cj to produce functions 
that lie in if^, (i.e., they all satisfy —Au — jiu) and then use the trace map T 
on these functions to examine their boundary behavior. Using Proposition 2.1 and 
Corollary 2.4 we obtain easily the following 

Lemma 2.5. For 



the trace map T : — )■ 2 (^dfl) x 



H 2 (dil) on these functions gives the following table 



\ 


dx 


dy 




dxdy 




T 


I ' ] 

V -sin6l(s) J 


( ' ] 

\ cos 6i(s) J 


/ -i(l-cos2i9(s)) \ 

V K cos 26/(5) ) 


( isin26'(s) \ 
V «;sin26'(s) ) 


( -i(l + cos2e(s)) \ 
V -K cos 261(3) J 



Similarly we have 

Lemma 2.6. For Rw, R^w, VRw, the trace map T on these functions gives the 
following table 



\ 


Rw 


R^W 


VRw 


T 




( " ^ 

\ 2 ds / 




{ (-l)-(^^)^ ^ 





where 6 = 6{s),r'^{s) = x'^{s) + y'^{s). 

3. Proof of the main results 

Theorem 3.1. Let O be an open, hounded domain in E? with connected and C°° 
boundary, and u) a solution of 

(3.1) — Aui = imjO 

dco , 



(3.2) ^1.0 = 

(3.3) i^lan ~ const ^ 
for some /i > 0. If /i < then must be a disk. 

Proof. We assume that fi < Hsi'^) and fl is not a disk, first note that f^,^ 
satisfies 



(3.4) - Au = fiu, z 

(3.5) ulan = 0. 

thus /z is also a Dirichlet eigenvalue for the Laplacian on Q. /z can not be Ai(r2) 
since ^ changes sign in fl, due to Lemma 2.5. We claim that 

Claim 3.2. IfQis not a disk, then jj. > A2(fi). 
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Proof. If is not a disk and we have fj, — X2{^), then /i as the second Dirichlet 
eigenvalue of Laplacian has algebraic multiplicity at least three, with eigenfunctions 
given by ^ , ^ , Rw (these eigenfunctions are linearly independent if Q is not a disk, 

see ([To]) for a proof). For any ci,C2,C3 G R,cl + cl + cl = 1, ci|| +C2|^ +C3Ra; 
has exactly two nodal domains in f2, due to the Courant's nodal domain theorem. 
Also by Green's formula, we note that 



(3.6) 



■ ids = / — uj\onds 



dn Jao dn 



which implies +c3R^) j^^^ least two zeros along dfl. 

Now we will literally follow the line of proof given in Theorem 2.3 of Lin(|ll)). 
Fix two points P and Pi on dfl; we can always choose three constants Cf, Cf, Cf 
such that 



(3.7) {CD' + {Cf)' + {Cf)' = 1, 

and the linear combination 0i = C.^I^+Cf^+CfRw satisfies V0j(P) = V(l)i{Pi) = 

0. Note that P and Pi must be the only two zeros of on dVt. 

Taking Pi — 7> P, and by p.7p . there is a subsequence of (jii which converges to (j), 
and obviously </> ^ is a second (Dirichlet) eigenfunction, given by the linear com- 
bination of ^ and Rw, that has only one sign on dVt. But this contradicts 
with equation (I3.6p ! 

□ 

From the Claim 3.2 above we have that /i > A3(ri). Denoting ui,U2 the first 
and second Dirichlet eigenfunctions of Laplacian on f2 (there might be more than 
one eigenfunctions associated with A2(r2), in that case we will choose any nonzero 
one), we define two subspaces 

Tir def , duj duj def , i 

Wi = span{ui,U2,-^,-g^,tiuj}, W2 = span{uJxx,i^xy,u}yy}, 

we note that Wi n W2 — {0}, and all functions in Wi satisfy the Dirichlet boundary 
condition. 

The bilinear form 

B{^,^;X)^ J J^^^-^ + ^-^-X4>-i. dxdy, ^,^eH\n),XeR 
has the following property: 

Claim 3.3. i?(-, •; /i)| WieWg '-s semi-negative definite. 

Proof. The bilinear form B restricted to Wi is semi-negative definite, since all 
functions in Wi correspond to linear combination of Dirichlet eigenfunctions of 
Laplacian with corresponding eigenvalues less than or equal to fi. Also note that 
for any ^ G Wi, & W2, we have 
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(3.8) = / ^■^ds = 

where we have used the fact that e Wi satisfies the Dirichlet boundary condition 
and ij} S W2 satisfies = ^ip. 

It now suffices to show that B restricted to W2 is semi-negative definite. For 
this one note that for any ip — ciluxx + C2UJxy + c^iOyy £ W2, ci, C2, C3 £ C, we have 

(3.9) 



I = ^ 5 ■ /o ["=1 '^O'^ 26* + C2 sin 29 - C3 cos 20] ■ [ci cos 26 + ca sin 29 - cg cos 29]d9 < 

where in the last equality we have used Lemma 2.5 and noted that the last inte- 
gration in (|3.9p does not depend on the parametrization 9 — 9{s). Thus we have 
completed the proof of Claim 3.3. 

□ 

Since dim{Wi ® W2) = 8, semi-negative definiteness of B{-,-;fi) on Wi © W2 
implies that fi > /xg(r2), due to the minimax principle of Neumann eigenvalues of 
Laplacian. But it contradicts with the assumption that fi < fig{fiy. □ 

Theorem 3.4. Let Q be a strictly convex, centrally symmetric and bounded domain 
in with connected and C°° boundary, and to a solution of 

(3.10) - Aw = /iw 

(3.11) l^laa = 

(3.12) t^lao = const ^ 
for some > 0. If ^ < pLi^{^), then must be a disk. 

Proof. Assuming that /i < /ii3(ri) and f2 is not a disk, then first we have the 
following 

Claim 3.5. // Q. is strictly convex, centrally symmetric and non-disk, then ji > 

Proof. We are going to examine the nodal line structure of Rw and show that Rw 
has at least 6 nodal domains in 51, then by the Courant nodal domain theorem, we 
must have /i > A5(r2). 

Definition 3.6. N = {(a;, y) e ft\Iluj{x, y) = 0} is called the nodal line of Rw. We 
call (x, y) e N a node if VRa;(a;, y) — 0, i.e. where the gradient of Ro; vanishes. 

As for the distribution of nodes in 51, we claim that the origin is a node. This 
is because is centrally symmetric, by unique continuation property (UCP) it 
follows that ljJ is an even function, i.e. uj{—x,—y) = uj{x,y) for (a;, y) G 51. Rw is 
necessarily an even function on 51. It then follows that the origin is a node, since 
Ra;(0) as well as VRaj(O) vanishes. 

To study the distribution of nodes along 951, using Lemma 2.5 and 2.6 we note 
that 
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(3.13) 0^/ R^^ds^ f ^.;,,d.= r^(.).i(cos20(,s)-l)d., 

Jon on Jg^^ dn Jq dn 2 

which gives rise to 

(3.14) 0= ^^{s)- cos 29 {s)ds. 

Jo on 

Since Q is strictly convex, which impHes that « = — ^ < along dfl, we may 
rewrite (|3.14l) as 

(3.15) / ^1— .COS26I- -de = 0, 

Jo on K 

where instead of s we are using 9 as independent variable along dfl. Similarly using 

Ian ^^d' = 0' Ian ^^^yds = we obtain 



(3.16) 





dmo 


1 


Jo 


dn 


— ( 

K 




sin 26* ■ 


1 


dn 




K 



(3.17) 

Also we should note that 

(3.18) r ^ • sin^ • -de ^ COS0 . ^d9 = 0, 

Jo on K Jq dn k 

2^ dRio . 1 ,„ /■^'^ dlLuj „ 1 



(3.19) / ^— ■ sin 36* ■ -d9 = / ^— • cos 36* ■ -d9 = 

Jo on K Jq dn k 



remains invariant as 9 



TT. 



Combining equations p.lSp - p.lOp . using the Sturm's theorem that any smooth 
function of 9 orthogonal to sin fc0, cos fc6', < k < N must have at least 2(A^ + 1) 
roots in one period 27r of ^(see for example Arnold ([2])), we have at least 8 zeros 
for along 957 (note that k < along 957). Since Ro; satisfies the Dirichlet 

boundary condition, existence of at least 8 zeros of along dfl implies that 
there exist at least 8 nodes of Rcj along dV.. 

The set of nodes is linked together by what we call segments. To be precise, 
C N is called a segment if E is connected, there is no node inside E, and dE 
consist of nodes. 

To estimate the number of segments inside SI, we denote the number of nodes 
inside SI as ni, the number of nodes along dQ as n2, then by the discussion above 
we have that rii > 1, n2 > 8. 

For any node (a;o,yo) G N, the local behavior of nodal line N near (xo,?/o) 
is given by Pn{x,y) + 0(r"+'^),n > 2, where Pn{x,y) is the n-th order spherical 
harmonic polynomial in (see e.g. Yau([T3]), thus for each node inside S7 locally 
there exist at least 4 segments associated with that node, and for each node on dfl 
locally there exist at least 3 segments (inside f2) associated with that node. Since 
each of the segments estimated above has been counted twice, the total number of 
segments inside fj, denoted by 5, can be estimated by 



10 



JIAN DENG 



a on\ Q ^ + 3^2 3 

(3.20) S > = 2ni + -n2 

We will now differentiate between the following two cases: 

• Case I) If the nodal line N is connected, then according to Euler's formula, 
the number of nodal domains inside il, denoted by Z?, is given by 

(3.21) D = l + S - (711 + na) > 1 + Til + > 1 + 1 + 4 = 6 
using the estimate (|3.20l) above. 

• Case II) If the nodal line N is not connected, then applying Euler's formula 
to each connected components of N, we have that the number of nodal 
domains inside fl, denoted by D, can be estimated by 

(3.22) D = C + S - {ni + na) > 1 + ni + ^^2 > 1 + 1 + 4 = 6 

where C is the number of components of N and we are using the estimate 
p.20p in the first inequality above. 

Now that Rw has at least 6 nodal domains in fl, then by the Courant's nodal 
domain theorem, we must have fi > X^{Q). 

□ 

From now on we are going to follow the line of proof of Theorem 3.1. By Claim 
3.5 above we have that ^ > A6(r2). Denoting ui, M2, ws, W4, the first five Dirichlet 
eigenfunctions of Laplacian on O (there might be more than one eigenfunctions 
associated with each Ai(ri), 2 < i < 5, in that case we will choose any nonzero one), 
we define two subspaces 

Wi span{ui,U2,U3,U4,U5,^,^,Ruj}, W2 span{ujxx,uj^y,ujyy,VRuj,VRuj} 
we note that Wi W2 = {0} and the bilinear form 

i3(0,V';A)= J J^^-^ + ^-^-^^-^ dxdy, ^,iPeH\n),XeR 
has the following property: 

Claim 3.7. i?(-, •; /i)| WieWg '-^ semi-negative definite. 

Proof. The bilinear form B restricted to Wi is semi-negative definite, since all 
functions in Wi correspond to linear combination of Dirichlet eigenfunctions of 
Laplacian on n with corresponding eigenvalues less than or equal to fi. Also note 
that for any g Wi , tp G W2 , we have 

(3.23) 5(0, ^;/i) = / cP-^ds = 

Jan cin 

where we have used the fact that (f) G W\ satisfies the Dirichlet boundary condition 
and V' G 1^2 satisfies — A?/) = 
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It now suffices to show that B restricted to W2 is semi-negative definite. For this 
let Vi = span{ujxx,tdxy,i-ijyy},V2 — spanjVRa;, VRw}. One note that B restricted 
to Vi is semi-negative definite, as already shown in Claim 3.3. 

Since ft is centrally symmetric, we have 9{s + ■§) = d{s) + n, s £ R. In that case 
by Lemma 2.5 and 2.6 we have 

(3.24) / ■ VRujds = / KCOs26'(s) • (-i)e'^ ds = 0, 

Jan on Jo 2 ds 

since the transformation s^s + ^,9-^9 + t: (while k and remain invariant) 
will reverse the sign of the last integral in (I3.24p . Similarly we have 

(3.25) / ^ • VRc^ds = / ^ • VRc^ds = 

Jdn on Jq^2 on 

(3.26) / ^ . S/Kujds = / ^ • ^Ruds = / ^ • \/Rijds = 0. 
Jon on dn Jg^ dn 

From the discussion above we have that for any ip — ciUJxx + C2'^xy + ca^yy G 
Vi,^p — C4VRa; -I- csVRo; £ V2, G C, I < i < 5, we have 

(3.27) i?(0,V;A')= / ^.^ds^O 

Jdn on 

where we have used equations p.24l) and (|3.25p . Thus we have shown that Vi , V2 
are orthogonal to each other as far as the bilinear form B{-, •; /i) is concerned. 

Finally we show that the bilinear form B restricted to V2 is semi-negative definite, 
which is given by utilizing Lemma 2.6 to obtain 

(3.28) S(VRw,VRw;/x) = B(VRa;,VRa;;Ai) - / ( i-fde<0 

Jo 2 ds 

(3.29) B(VRa;, VRw; m) = 
Thus we have completed the proof of Claim 3.7. 

□ 

Since dim{Wi ® W2) = 13, semi-negative definiteness of B{-, ■■,^) on Wi © W2 
implies that fi > /ii3(f2), due to the minimax principle of Neumann eigenvalues of 
Laplacian. But it contradicts with the assumption that fi < fii^(fl)\ 

□ 

Acknowledgement The author would like to express his gratitude to the anony- 
mous referee for the numerous comments and suggestions that greatly improve the 
paper. 
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